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The reﬁned Stirling numbers of the ﬁrst kind
n
m0 m1    mk1
" #
specify the number of permutations of n indices possessing mi cycles whose lengths
modulo k are congruent to i; i ¼ 0; 1; 2; . . . ; k  1: The reﬁned Stirling numbers of
the second kind
n
m0 m1    mk1
( )
are similarly deﬁned in terms of set-partitions and the cardinalities of their disjoint
blocks. Generating functions for these two types of reﬁned Stirling numbers are
derived using the Fa"a di Bruno formula. These generating functions allow the
derivation of recurrence relations for both types of reﬁned Stirling numbers. # 2002
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The Stirling numbers of the ﬁrst kind, ½nm; specify the number of
permutations of n indices with m cycles. Similarly, the Stirling numbers
of the second kind, fnmg; specify the number of set-partitions of a set
of n objects (an n-set) into m subsets (blocks). Set-partitions into
blocks whose cardinalities have a well-deﬁned parity were studied by
Touchard [6] and Carlitz [3]. Port [4] has recently studied partitions of
an n-set into m non-empty blocks whose cardinalities are congruent
to ‘mod k; for some ﬁxed ‘ ¼ 0; 1; . . . ; k  1: He referred to the numbers
of such partitions as the circular numbers of the second kind, and85
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J. KATRIEL86established the fact that while the ordinary Stirling numbers of the second
kind and the Touchard numbers, which correspond to k ¼ 1 and 2,
respectively, satisfy simple two-term recurrence relations, no such
recurrence relations hold for the higher circular numbers of the second
kind. A further extension which does satisfy a recurrence relation that forms
a natural generalization of the one satisﬁed by the Stirling numbers of the
second kind, although not by the Touchard numbers, will now be
considered.
Relative to any integer k the cycles of a permutation (or the blocks of a
set) can be assigned to k equivalence classes according to their length
(cardinality) modulo k: Let m‘; ‘ ¼ 0; 1; 2; . . . ; k  1; be the number of
cycles (blocks) whose lengths (cardinalities) are congruent to ‘mod k: The
reﬁned Stirling numbers of the ﬁrst and the second kind
n
m0 m1    mk1
" #
and
n
m0 m1    mk1
( )
stand for the number of permutations (set-partitions) of n objects with mi
cycles (blocks) whose lengths (cardinalities) are congruent to imod k:
Clearly,
X
m0;m1;...;mk1
ðm0þm1þ  þmk1¼mÞ
n
m0 m1    mk1
" #
¼
n
m
" #
;
and a similar relation holds for the reﬁned Stirling numbers of the second
kind. Generating functions and recurrence relations are presented for both
kinds of reﬁned Stirling numbers. An interesting distinction between the two
types of recurrence relations is pointed out. The formulation of the
derivation of generating functions of the kind presently considered was very
extensively developed by Sachkov [5], but it will be convenient to present
their derivation in a self-contained manner.
2. THE REFINED STIRLING NUMBERS OF THE FIRST KIND
The Fa"a di Bruno formula for the derivatives of a composite function [1]
yields, for a function gðuÞ that is inﬁnitely differentiable and that satisﬁes
gð0Þ ¼ 0;
expðgðuÞÞ ¼
X1
n¼0
un
n!
Xn
m¼0
X*
a1; a2;...; an
n!
a1!a2!    an!
Yn
i¼1
gðiÞ
i!
 ai
: ð1Þ
REFINED STIRLING NUMBERS 87Here, gðiÞ ¼ d
igðuÞ
dui
			
0
and the asterisk ð*Þ on top of the summation sign stands
for the restrictions a1 þ a2 þ    þ an ¼ m and a1 þ 2a2 þ    þ nan ¼ n: The
combinatorial applications of the Fa"a di Bruno formula and the closely
related Bell polynomials have been treated by Andrews [2].
Let z ¼ expði2pk Þ: For
gðuÞ ¼ 
1
k
Xk1
r¼0
lr log
Yk1
j¼0
ð1 zjuÞðz
jÞkr
" #
; ð2Þ
we obtain
gð‘Þ
‘!
¼
1
‘
l‘ mod k ; ‘ ¼ 1; 2; . . .
which yields
expðgðuÞÞ ¼
X1
n¼0
un
n!
X
m0;m1;...;mk1
lm00 l
m1
1    l
mk1
k1
n
m0 m1    mk1
" #
; ð3Þ
where
n
m0 m1    mk1
" #
¼
X$
a1; a2;...;an
n!
1a1a1!2a2a2!    nanan!
:
The star ($) over the summation index stands for the restrictions
P
j51 akj
¼ m0 and
P
j50 aiþkj ¼ mi; i ¼ 1; 2; . . . ; k  1: Since
n!
1a1a1!2a2a2!    nanan!
is the number of permutations of n indices that consist of ai cycles of length
i; i ¼ 1; 2; . . . ; n; it follows that
n
m0 m1    mk1
" #
is the number of permutations of n indices with mi cycles whose lengths
are congruent to imod k; i ¼ 0; 1; 2; . . . ; k  1: On the other hand,
from Eq. (2)
expðgðuÞÞ ¼
Yk1
r¼0
Yk1
j¼0
ð1 zjuÞðz
jÞkr
" #lr=k
: ð4Þ
J. KATRIEL88Equating the right-hand side of Eq. (4) with that of Eq. (3), we note that
the former is a generating function for the reﬁned Stirling numbers of the
ﬁrst kind.
For k ¼ 1; z ¼ 1; Eq. (2) yields gðuÞ ¼ l0 logð1 uÞ; from which follows
the generating function for the Stirling numbers of the ﬁrst kind:
1
ð1 uÞl
¼
X1
n¼0
un
n!
Xn
m¼0
lm
n
m
" #
: ð5Þ
The recurrence relation for the Stirling numbers of the ﬁrst kind can easily
be derived from this generating function.
For k ¼ 2; z ¼ 1; Eq. (2) yields
gðuÞ ¼ 
1
2
l0 log½ð1 uÞð1þ uÞ þ l1 log
1 u
1þ u
  
:
The generating function for the corresponding reﬁned Stirling numbers is
½ð1 uÞð1þ uÞl0=2
1 u
1þ u
 l1=2
¼
X1
n¼0
un
n!
X
m0;m1
lm00 l
m1
1
n
m0 m1
" #
:
Taking l1 ¼ 0; we obtain the generating function for the number of
permutations with m0 cycles, all of even lengths. Taking l0 ¼ 0; we obtain
the generating function for the number of permutations with m1 cycles, all of
odd lengths.
Differentiating Eq. (4) with respect to u; we obtain
d expðgðuÞÞ
du
¼
expðgðuÞÞ
1 uk
Xk1
r¼0
lruðr1Þ mod k ; ð6Þ
where the identity
1 uk
k
Xk1
j¼0
ðzjÞ1r
1 zju
¼
uk1 for r ¼ 0
ur1 for r > 0
(
¼ uðr1Þ mod k
was used. Substituting Eq. (3) for expðgðuÞÞ in Eq. (6), equating the latter
with the derivative of the former with respect to u and equating coefﬁcients
REFINED STIRLING NUMBERS 89of equal powers of u and of l0; l1; . . . ; lk1; we obtain the recurrence relation
nþ 1
m0 m1    mk1
" #
¼
n!
ðn kÞ!
n k þ 1
m0 m1    mk1
" #
þ
n!
ðn k þ 1Þ!
n k þ 1
m0  1 m1    mk1
" #
þ
Xk1
r¼1
n!
ðn r þ 1Þ!
n r þ 1
   mr  1    mk1
" #
:
ð7Þ
In view of the different behavior exhibited by the corresponding
recurrence relation for the reﬁned Stirling number of the second kind (cf.
the following section), it should be noted that the reﬁned Stirling numbers of
the ﬁrst kind are determined in terms of lower n reﬁned Stirling numbers
that never possess a higher number of cycles of any equivalence class
modulo k: In particular, for the reﬁned Stirling numbers enumerating
permutations whose cycle-lengths are divisible by k;
n
m0
" #
0 mod k

n
m0 m1 ¼ 0    mk1 ¼ 0
" #
;
the recurrence relation reduces to
nþ 1
m
" #
0 mod k
¼
n!
ðn kÞ!
n k þ 1
m
" #
0 mod k
þ
n!
ðn k þ 1Þ!
n k þ 1
m 1
" #
0 mod k
:
ð8Þ
A similar recurrence relation is obtained from Eq. (7) when all cycles
have cardinalities that are congruent to ‘mod k for some deﬁnite
05‘4k  1; i.e.,
nþ 1
m
" #
‘ mod k
¼
n!
ðn kÞ!
n k þ 1
m
" #
‘ mod k
þ
n!
ðn ‘ þ 1Þ!
n ‘ þ 1
m 1
" #
‘ mod k
:
Equation (8), along with the initial value ½k
1
0 mod k ¼ ðk  1Þ!; allows the
derivation of the relation
kn
m
" #
0 mod k
¼
ðknÞ!
kmn!
n
m
" #
; ð9Þ
J. KATRIEL90where ½nm is the ordinary Stirling number of the ﬁrst kind. The derivation
involves the use of the recurrence relation for the latter,
nþ 1
m
" #
¼ n
n
m
" #
þ
n
m 1
" #
;
which is a special case of Eq. (8) (or Eq. (7)) corresponding to k ¼ 1:
Equation (9) can be obtained even more straightforwardly by noting that,
on the one hand, substituting l1 ¼ l2 ¼    ¼ lk1 ¼ 0 in Eqs. (3) and (4),
ð1 ukÞl0=k ¼
X1
n¼0
un
n!
X
m
lm0
n
m
" #
0 mod k
and, on the other hand, using Eq. (5),
ð1 ðukÞÞl0=k ¼
X1
n¼0
ðukÞn
n!
X
m
l0
k
 m n
m
" #
:
3. THE REFINED STIRLING NUMBERS OF THE SECOND KIND
Taking
gðuÞ ¼
Xk1
r¼0
lrFk;rðuÞ; ð10Þ
where
Fk;rðuÞ ¼
X1
j¼dr; 0
ukjþr
ðkjþ rÞ!
;
we obtain
gð‘Þ ¼ l‘ mod k :
Hence, from the Fa"a di Bruno formula,
expðgðuÞÞ ¼
X1
n¼0
un
n!
X
m0;m1;...;mk1
lm00 l
m1
1    l
mk1
k1
n
m0 m1    mk1
( )
;
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n
m0 m1    mk1
( )
¼
X$
a1; a2;...;an
n!
ð1!Þa1a1!ð2!Þ
a2a2!    ðn!Þ
anan!
:
The star ($) over the summation index stands for the restrictions
P
j51 akj
¼ m0;
P
j50 aiþkj ¼ mi; i ¼ 1; 2; . . . ; k  1; and
Pn
i¼1 iai ¼ n: Since
n!
ð1!Þa1a1!ð2!Þ
a2a2!    ðn!Þ
anan!
is the number of partitions of an n-set into ai blocks of cardinality i;
i ¼ 1; 2; . . . ; n; it follows that
n
m0 m1    mk1
( )
is the number of partitions of an n-set consisting of mi blocks whose
cardinalities are congruent to imod k; i ¼ 0; 1; 2; . . . ; k  1: From Eq. (10),
expðgðuÞÞ ¼
X
m0;m1; ...;mk1
lm00 l
m1
1    l
mk1
k1
m0!m1!   mk1!
Yk1
r¼0
X1
j¼dr;0
ukjþr
ðkjþ rÞ!
2
4
3
5
mr
:
Equating coefﬁcients of lm00 l
m1
1    l
mk1
k1 ; we obtain
Yk1
r¼0
1
mr!
X1
j¼dr;0
ukjþr
ðkjþ rÞ!
2
4
3
5
mr
¼
X1
n¼0
un
n!
n
m0 m1    mk1
( )
: ð11Þ
Differentiating with respect to u; substituting Eq. (11) and equating
coefﬁcients of equal powers of u; we obtain the recurrence relation
nþ 1
m0 m1    mk1
( )
¼ðmk1 þ 1Þ
n
m0  1 m1    mk1 þ 1
( )
þ ðm0 þ 1Þ
n
m0 þ 1 m1  1    mk1
( )
þ
n
m0 m1  1    mk1
( )
þ
Xk1
j¼2
ðmj1 þ 1Þ
n
   mj1 þ 1 mj  1   
( )
:
ð12Þ
J. KATRIEL92Unlike the recurrence relation for the reﬁned Stirling numbers of the ﬁrst
kind, this recurrence relation involves terms in which the number of blocks
of the various equivalence classes modulo k increases. Thus, the number of
set-partitions of a given set into blocks whose cardinalities are divisible by k
depends, via this recurrence relation, on reﬁned Stirling numbers that
correspond to partitions into blocks that belong to other equivalence classes
modulo k: The special cases k ¼ 1 and k ¼ 2 are unique, the former trivially
and the latter because it allows the derivation of alternative recurrence
relations that involve reﬁned Stirling numbers corresponding to partitions
into blocks whose cardinalities have one deﬁnite parity.
Thus, for k ¼ 1 the generating function becomes
1
m!
ðexpðuÞ  1Þm ¼
X1
n¼m
un
n!

n
m

:
Differentiating with respect to u yields the familiar recurrence relation for
the ordinary Stirling numbers of the second kind,
nþ 1
m

¼

n
m 1

þ m

n
m

:
For k ¼ 2; gðuÞ ¼ l0ðcoshðuÞ  1Þ þ l1 sinhðuÞ: Taking l1 ¼ 0 we obtain
the generating function for the number of set-partitions of a set of
cardinality n into blocks whose cardinalities are even:
1
m!
½coshðuÞ  1m ¼
X1
n¼0
un
n!
n
m
( )
0 mod 2
:
Differentiating twice with respect to u and using the basic hyperbolic
function identities, one obtains the recurrence relation
nþ 2
m
( )
0 mod 2
¼ m2
n
m
( )
0 mod 2
þð2m 1Þ
n
m 1
( )
0 mod 2
;
which is Port’s equation (9) [4]. This recurrence relation is not a special case
of Eq. (12). Similarly, taking l0 ¼ 0; we obtain the generating function and
eventually the recurrence relation for the number of set-partitions of a set of
cardinality n into blocks whose cardinalities are odd:
nþ 2
m
( )
1 mod 2
¼ m2
n
m
( )
1 mod 2
þ
n
m 2
( )
1 mod 2
;
which is Port’s equation (12) [4].
REFINED STIRLING NUMBERS 93It will be useful to note that [4]
Fk;rðuÞ ¼
1
k
Xk1
‘¼0
zr‘ expðz‘uÞ; ð13Þ
where z ¼ expði2pk Þ: Thus, F1;0ðuÞ ¼ expðuÞ; F2;0ðuÞ ¼ coshðuÞ; and F2;1ðuÞ
¼ sinhðuÞ: Inverting Eq. (13) we obtain expðz‘uÞ ¼
Pk1
r¼0 z
r‘Fk;rðuÞ: The
identity
Qk1
‘¼0 expðz
‘uÞ ¼ 1 yields a generalization of the quadratic relation
between coshðuÞ and sinhðuÞ; which for k ¼ 3 is of the form
ðF3;0ðuÞÞ
3 þ ðF3;1ðuÞÞ
3 þ ðF3;2ðuÞÞ
3  3F3;0ðuÞF3;1ðuÞF3;2ðuÞ ¼ 1: ð14Þ
The relation
dFk; rðuÞ
du ¼ Fk; r1ðuÞ generalizes the corresponding relations for
k ¼ 1 and 2. For k ¼ 3; one might wish to start from the generating function
for set-partitions into parts whose cardinalities are divisible by 3,
1
m!
ðF3;0ðuÞ  1Þ
m ¼
X1
n¼0
un
n!
n
m
( )
0 mod 3
:
One might expect that triple differentiation with respect to u would be
required. However, it turns out that the factors F3;1ðuÞ and F3;2ðuÞ enter in a
manner that cannot be eliminated using identity (14). This obstacle was very
clearly formulated by Port [4] in his Theorem 3.
It is perhaps of some interest that the generating function
X1
‘¼ds;0
umsþk‘
ðmsþ k‘Þ!
msþ k‘
m
( )
s mod k
¼
1
m!
X1
j¼ds;0
ukjþs
ðkjþ sÞ!
2
4
3
5
m
ð15Þ
that is obtained from Eq. (11) by setting li ¼ di; s; i ¼ 0; 1; . . . ; k; allows the
derivation of two recurrence relations of indeﬁnite length (cf. also [4]), as
follows. One route starts by writing the corresponding generating function
with mþ 1 substituted for m: Equating the left-hand side of the latter to that
of the former multiplied by the appropriate factors yields, after straightfor-
ward rearrangement,
ðmþ 1Þsþ k‘
mþ 1
( )
s mod k
¼
1
mþ 1
X‘ds;0
i¼0
ðmþ 1Þsþ k‘
msþ ki
 !
msþ ki
m
( )
s mod k
:
The second route involves the differentiation of the generating function that
corresponds to mþ 1 and noting that the right-hand side contains the
J. KATRIEL94generating function corresponding to m as a factor. One readily obtains
ðmþ 1Þsþ k‘
mþ 1
( )
s mod k
¼
X‘ds; 0
j¼ds; 0
ðmþ 1Þsþ k‘  1
msþ kð‘  jÞ
 !
msþ kð‘  jÞ
m
( )
s mod k
:
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